Mathematical Modeling of Single Peak Dynamic Recrystallization Flow Stress Curves in Metallic Alloys by R. Ebrahimi & E. Shafiei
Selection of our books indexed in the Book Citation Index 
in Web of Science™ Core Collection (BKCI)
Interested in publishing with us? 
Contact book.department@intechopen.com
Numbers displayed above are based on latest data collected. 
For more information visit www.intechopen.com
Open access books available
Countries delivered to Contributors from top 500 universities
International  authors and editors
Our authors are among the
most cited scientists
Downloads
We are IntechOpen,
the world’s leading publisher of
Open Access books
Built by scientists, for scientists
12.2%
122,000 135M
TOP 1%154
4,800
9 
Mathematical Modeling of Single Peak Dynamic 
Recrystallization Flow Stress Curves in  
Metallic Alloys 
R. Ebrahimi and E. Shafiei 
Department of Materials Science and Engineering, School of Engineering,  
Shiraz University, Shiraz,  
Iran 
1. Introduction 
Deformation of metals and alloys at temperatures above 0.5 Tm is a complex process in 
which mechanical working interacts with various metallurgical processes such as dynamic 
restoration including recovery and recrystallization, and phase transformation for 
polymorphous materials. The understanding of these processes, however, enables the 
behavior of the metals and alloys. Recent developments have been described in several 
review papers. These reviews were in agreement that metals and alloys having relatively 
low values of stacking fault energy (SFE) could recrystallize dynamically, whereas those of 
high SFE including bcc metals and alloys which behave in a manner similar to fcc metals of 
high SFE recovered dynamically only during  high temperature deformation. So that, 
according to microstructural evolutions, material response can principally be divided into 
two categories in hot deformation: dynamic recovery (DRV) type and dynamic 
recrystallization (DRX) type. 
The process of recrystallization of plastically deformed metals and alloys is of central 
importance in the processing of metallic alloys for two main reasons. The first is to soften 
and restore the ductility of material hardened by low temperature deformation that 
occurring below about 50% of the absolute melting temperature which leads to lower forces. 
The second is to control the microstructure and mechanical properties of the final product. 
The analysis of metal forming process such as hot rolling, forging and extrusion has been 
dependent on various parameters including constitutive relation which contributes to stress-
strain curves at high temperatures, shape of workpiece and product, shapes of tools, friction, 
temperature, forming speed, etc. In such parameters, the constitutive equation is one of the 
most important factors which have an effect on solution accuracy. 
A number of research groups have attempted to develop constitutive equations of materials 
and suggested their own formulations by putting the experimentally measured data into 
one single equation. Misaka and Yoshimoto proposed a model which gives the flow stress of 
carbon steels as a function of the strain, strain rate, temperature and carbon content. Shida’s 
model takes account of the flow stress behavior of the steels in austenite, ferrite and in the 
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two-phase regions. Voce suggested an approximate equation of stress–stain curve 
considering the dynamic recrystallization. Finally, Ebrahimi et al. obtained a mathematical 
model according to the phenomenological representation of the shape of the stress-strain 
curves that consists an additional constant. Due to the importance of flow stress estimation 
of metals and alloys at high temperatures, the required forces for the deformation processes, 
dimensional accuracy of final products and simulation of processes; it is necessary to 
provide a model in order to eliminate the limitations of previous models to some extent. The 
contexts of this section could generally be classified into two main parts, at the beginning, 
some previous mathematical models and basic concepts in relation with dominate processes 
during hot deformation of metals and alloys, such as dynamic recovery (DRV) and dynamic 
recrystallization (DRX) will be reviewed and finally, by concluding from existing 
mathematical models related to prediction of single peak flow stress curves, a new model 
will be introducd. With regards to the importance of macroscopic data from mechanical 
tests as compared to microscopic ones from metallurgical investigation, due to its less time 
and cost consuming nature, mathematical and macroscopic aspects of DRX process are 
considered in this model.  
2. Basic concepts 
2.1 Dynamic recovery (DRV) 
The basic mechanisms of dynamic recovery are dislocation climb, cross-slip and glide, which 
result in the formation of low angle boundaries as also occurs during static recovery. However, 
the applied stress provides an additional driving pressure for the movement of low angle 
boundaries and those of opposite sign will be driven in opposite directions, and this stress-
assisted migration of dislocation boundaries may contribute significantly to the overall strain. 
Such migration results in some annihilation of dislocations in opposing boundaries and Y-
junction boundary interactions and these enable the subgrains to remain approximately 
equiaxed during the deformation. In-situ SEM deformation experiments have shown that 
some reorientation of subgrains may also occur during hot deformation. The subgrains can 
therefore be considered to be transient microstructural features. 
The processes of work hardening and recovery lead to the continual formation and 
dissolution of low angle boundaries and to a constant density of unbound or ‘free’ 
dislocations within the subgrains. After a strain of typically 0.5 to 1, the subgrain structure 
often appears to achieve a steady state. The microstructural changes occurring during 
dynamic recovery are summarized schematically in figure 1. 
2.2 Dynamic recrystallization (DRX) 
In metals which recovery processes are slow, such as those with a low or medium stacking 
fault energy (copper, nickel and austenitic iron), dynamic recrystallization may take place 
when a critical deformation condition is reached. A simplified description of the phenomenon 
of dynamic recrystallization is as follows. As shown in figures 2, new grains originate at the 
old grain boundaries, however, as the material continues to deform, the dislocation density of 
the new grains increases, thus reducing the driving force for further growth, and the 
recrystallizing grains eventually cease to grow. An additional factor which may limit the 
growth of the new grains is the nucleation of further grains at the migrating boundaries. 
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Fig. 1. Summary of the microstructural changes which occur during dynamic recovery. 
This type of dynamic recrystallization, which has clear nucleation and growth stages, can 
be classified as a discontinuous process. There are other mechanisms which produce high 
angle grain boundaries during high temperature deformation and which may be 
considered to be types of dynamic recrystallization such as continuous dynamic 
recrystallixation (CDRX). 
The general characteristics of dynamic recrystallization are as follows (Humphreys et al., 
Elsevier): 
 As shown in figure 3, the stress-strain curve for a material which undergoes dynamic 
recrystallization generally exhibits a broad peak that is different to the plateau, 
characteristic of a material which undergoes only dynamic recovery (fig.1). Under 
conditions of low Zener–Hollomon parameter, multiple peaks may be exhibited at low 
strains, as seen in figure 3. 
 A critical deformation is necessary in order to initiate dynamic recrystallization. 
 The critical deformation decreases steadily with decreasing stress or Zener–Hollomon 
parameter (description in section 3.2), although at very low strain rates (creep) the 
critical strain may increase again. 
 The size of dynamically recrystallized grains increases monotonically with decreasing 
stress. Grain growth does not occur and the grain size remains constant during the 
deformation. 
 The flow stress and grain size are almost independent of the initial grain size, although 
the kinetics of dynamic recrystallization are accelerated in specimens with smaller 
initial grain sizes. 
 Dynamic recrystallization is usually initiated at pre-existing grain boundaries although 
for very low strain rates and large initial grain sizes, intragranular nucleation becomes 
more important. 
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Fig. 2. Evolution of microstructure during hot deformation of a material showing DRX. 
 
Fig. 3. The effect of Zener Hollomon parameter on the stress- strain curve. 
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2.3 Test methods 
There are many different types of test methods, such as hot torsion, compression, tension, 
cam plastometer and drop hammer for developing the constitutive equation of the materials 
behavior. Among them, hot torsion and compression tests have widely been used. Hot 
torsion test has been used by many researchers to formulate constitutive equation of 
materials subject to a large strain because it has a forte in simulating the multi-pass 
deformation, in comparison with axisymmetric compression test. In the case of compression 
test, high friction at the interface of material and stroke head results in barreling during test. 
Thus, the compression test has a limitation in generating flow stress curve when the 
material undergoes large strain. Also Kim et al. have shown that the flow stress obtained 
from compression test is higher than that from torsion test, although the general shapes of 
the measured curves are similar. The differences between the stresses were approximately in 
the range of 10–20%. 
These differences might be attributed to the following reasons: compression test has the 
glowing frictional forces at the ram-specimen interface as the test progress, while, there is 
no frictional effect in torsion test. In compression test, it is difficult to achieve constant 
strain rate and isothermal condition during test, whereas to control them in torsion test is 
accurate. 
2.4 Flow curves 
For metals with high stacking fault energy which experience DRV, the flow stress curves 
increase with strain in the initial deformation and reach constant in consequence of attaining 
the balance between work hardening and DRV (saturation stress, σs). For metals with DRX, 
initially the flow stress increases with strain which is being dominated by work hardening, 
and as DRX takes place upon critical strain (εc), the flow stress begins to decrease after 
reaching certain peak value. When the equilibrium is reached between softening due to DRX 
and work hardening, the curves drop to a steady state region (σss). As shown in figure 3, the 
stress strain curves of a dynamically recrystallizing material may be characterized by a 
single peak or by several oscillations. Luton and Sellars have explained this in terms of the 
kinetics of dynamic recrystallization. At low stresses, the material recrystallizes completely 
before a second cycle of recrystallization begins, and this process is then repeated. The flow 
stress, which depends on the dislocation density, therefore oscillates with strain. At high 
stresses, subsequent cycles of recrystallization begin before the previous ones are finished, 
the material is therefore always in a partly recrystallized state after the first peak, and the 
stress strain curve is smoothed out, resulting in a single broad peak. Fig. 4 shows a 
schematic representing of dynamic recovery and a single peak dynamic recrystallization. 
2.5 Strain hardening rate versus stress 
The change in the slope (Ѳ=dσ⁄dε) of the stress-strain curve with stress can be a good 
indication of the microstructural changes taking place in material. All of the Ѳ-σ curves for a 
particular alloy originate from a common intercept Ѳ0 at σ=0. The Ѳ-σ curves have three 
segments, two of them are linear. The first linear segment decreases with stress for initial 
strain to the point where subgrains begin to form with a lower rate of increase in DRV. The 
curve gradually changes to the lower slope of the second linear segment up to the point 
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where the critical stress σc is attained for initiating the dynamic recrystallization. The curve 
then drops off rather sharply to Ѳ=0 at peak stress. Extrapolation of the second linear 
segment of the Ѳ-σ curve intercepts the σ axis at the saturation stress. This would be the 
shape of the Ѳ-σ curve if dynamic recrystallization were absent with only dynamic recovery 
as the restorative mechanism operation, Fig.5. 
 
Fig. 4. Schematic representing of DRV and DRX. 
 
Fig. 5. Changes in the slope of the stress-strain curve with stress. 
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3. A review on presented models 
Considerable researches have been carried out to model flow stress curves at high 
temperatures based on both empirical and mathematical models. Empirical models which 
are based on trial and error mainly obtained by repeating the mechanical tests at different 
conditions, and among these models, Shida and Misaka models could be mentioned. The 
most important limitation of these types of models is that they are valid for specific 
conditions and cannot be generalized, whereas in mathematical models, in order to estimate 
the flow curve, the material response are modeled first and then the empirical data is used 
to verify the prediction. Among these models, Cingara, Kim et.al and Ebrahimi et.al could 
be mentioned. According to the presented models, some limitations could be considered in 
this category, too. For instance, the presented model by McQueen and  Cingara for DRX is 
only valid up to the peak stress (σp) and does not consider the softening behavior due to 
DRX, although a complement model has been developed to predict the softening behavior 
due to DRX.  
Mathematical modeling of flow stress curves can be divided into three main topics as 
follows: 
 Mathematical models which characterize the initiation of DRX. 
 Mathematical models which predict characteristic points of flow stress curves. 
 Mathematical models which predict flow stress curves. 
It is important to mention that, due to less time and cost consuming nature of mathematical 
and macroscopic models, only this aspect of DRX process is considered in this chapter. 
3.1 Initiation of dynamic recrystallization 
The critical strain for initiation of DRX could be determined by metallography. However, 
this technique requires extensive sampling before and after the critical strain. Furthermore, 
phase changes during cooling from hot working temperature alter the deformed structure, 
which in turn render difficulties for metallographic analysis. Also this technique requires a 
large number of specimens deformed to different strains. On the other hand, the critical 
strain thus obtained is not precise. 
Several attempts have been made to predict the initiation of DRX. For example, Ryan and 
McQueen observed that the presence of a stress peak at a constant strain rate flow curve 
leads to an inflection in plots of strain hardening rate, θ, versus stress, σ. Moreover, the 
points of inflection in θ-σ plots where the experimental curves separate from the 
extrapolated lower linear segments give critical conditions for initiation of DRX. Later, 
Poliak and Jonas have shown that this inflection point corresponds to the appearance of 
an additional thermodynamic degree of freedom in the system due to the initiation of 
DRX. 
3.1.1 Determination of critical stress 
The simple method of Najafizadeh and Jonas was used for determination of the critical 
stress for initiation of DRX. The inflection point is detected by fitting a third order 
polynomial to the θ-σ curves up to the peak point as follows: 
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 3 2      A B C D   (1)  
where A, B, C, and D are constants for a given set of deformation conditions. The second 
derivative of this equation with respect to σ can be expressed as: 
  
2
2
6 2  
d
A B
d
 (2) 
At critical stress for initiation of DRX, the second derivative becomes zero. Therefore, 
 6 2 0
3
    c c BA B
A
 (3) 
An example of θ-σ curves and its corresponding third order polynomial are shown in Fig. 6. 
Therefore, this method is used to determine the value of critical stress at different 
deformation conditions. Using the flow curves, the values of critical strain are determined 
(Najafizadeh et al. 2006). 
According to Fig. 7, the normalized critical stress and strain for 17-4 PH stainless steel could 
be presented as: 
 0.89
c
p
 (4) 
 0.467
c
p
  (5)  
 
Fig. 6. The θ-σ curve of 17-4 PH Stainless steel and its corresponding third order polynomial. 
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Fig. 7. Critical stress and strain versus (a) peak stress and (b) peak strain. 
3.1.2 Determination of critical strain, (Poliak and Jonas) 
Poliak and Jonas have shown that the inflection in plots of lnѲ-ε and lnѲ-σ curves can also be 
used for determination of initiation of DRX. The procedure of Section 3.1.1 is used to determine 
the values of critical strain at different deformation conditions (Mirzadeh et al., 2010). 
According to figure 8, the normalized critical strain could be presented for 17-4 PH stainless 
steel: 
 0.47
c
p
 (6)  
 
Fig. 8. The lnѲ-ε curve for 17-4 PH stainless steel and its corresponding third order 
polynomial. 
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3.1.3 Determination of critical strain (Ebrahimi and Solhjoo) 
The flow stress up to the peak stress was modeled using the Cingara and McQueen equation 
as shown below: 
 [( / )exp(1 / )]       Cp p p  (7) 
Where constant C is an additional parameter to make the results acceptable and is obtained 
from logarithmic form of Eq.7. The derivative of the true stress with respect to true strain 
yields the work hardening rate, Ѳ. Therefore, the Ѳ formula using Eq.7 may be expressed as: 
 (1 / 1 / )     pC  (8) 
In order to determine the critical strain, the second derivative of Ѳ with respect to σ must be 
zero. By solving this equation, the critical strain as a function of peak strain will obtain as 
follows: 
 
1 (1 )  
c
p
C C
C
  (9) 
The results showed a good agreement with the experimentally measured ones for Nb- 
microallyed steel (Ebrahimi et al., 2007). 
3.2 Kinetic equations (prediction of single points) 
The influence of temperature and strain rate on peak stress was analyzed by the following 
equations which were originally developed for creep but have found applicability in the 
high strain rates in hot working: 
 
'' .' exp
     
n HW
p
Q
A Z
RT
 (10) 
 
.
'' exp( ) exp
     
HW
p
Q
A Z
RT
 (11) 
 
.
''' sinh( exp
         
n
HW
p
Q
A Z
RT
  (12) 
where A’,A’’,A''',n,n’’,QHW,ǂ,ǃ  and R are constants and Z is the Zener Hollomon. QHW is the 
activation energy related to hot working and R is the universal gas constant. A power law 
plot of log σ versus log Z gives linear segments only at low stress, indicating the limited 
applicability of Eq. (10). However in a plot of σ against log Z linearity is lost at low stress, 
showing that Eq. (11) is an inadequate fit for the entire range of stresses. Eq. (12) is a more 
general form of Eq. (10) and Eq. (11) reducing to Eq. (10) at lower stresses (ασ<0.8) and Eq. 
(11) at higher stresses (ασ>1.2). The validation of these equations to predict characteristic 
points of flow curves were approved by many authors (Cingara et al., 1992). 
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3.3 Experimental models 
3.3.1 Misaka’s model 
Misaka and Yoshimoto have utilized the following double-power constitutive equation to 
determine flow stress associated with the processing of steels: 
         2 .2 2851 2968 11209.8exp 0126 1.75 0.594
273
m
n
Misaka
C C
C C
T
           
 (13) 
Application range of this formula is as follows; carbon content: ≈1.2%, temperature: 750–
1200 oC, reduction (natural strain): 50% and strain rate: 30–200 s-1. Misaka’s equation was 
updated by including effects of solution-strengthening and dynamic recrystallization. 
The updated Misaka’s constitutive equation is: 
   , 1Misaka Updated Misaka DRX ss DRXf X k X      (14) 
            0.8 0.30.835 0.51 0.098 0.128 0.144 0.175 0.01      f Nb Mn Cr Mo V Ni  (15) 
(σMisaka)updated indicates the flow stress of steels containing multiple alloying additions. σss 
is steady state stress, K =1.14 is a parameter that converts flow stress to mean flow stress, 
and XDRX is volume fraction of dynamic recrystallization. It might be useful for practical 
purpose but its mathematical base is weak. The factors for Mn, Nb, V and Ni are linear 
although the terms for Cr and Mo are nonlinear. Devadas et al. compared the predicted flow 
stress data for a low alloy steel with measured data from a cam-plastometer. They showed 
that Misaka’s model overestimated the flow stress (Kim et al., 2003). 
3.3.2 Shida’s equation 
Shida’s equation is based on experimental data obtained from compression type of high 
strain rate testing machines. Shida then expressed the flow stress of steels, σ, as a function of 
the equivalent carbon content (C), the strain (ε), the strain rate ( . ) and temperature (T) as 
followings: 
     .,        d w rC T f f  (16) 
 
5 0.01
0.28exp
0.05
     d T C  (17) 
   273
1000
   
oT C
T k  (18) 
   1.3 0.3
0.2 0.2
          
 
n
wf  (19) 
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 0.41 0.07 n C  (20) 
 
.
.
10
           

m
rf  (21) 
    0.019 0.126 0.076 0.05    m C T C  (22) 
where fw(strain) and fr(strain rate) are functions dependent upon strain and strain rate, 
respectively. The formulation of Eq. (16) is based on assumption that flow stress increases 
with the strain rate and strain increased. The range of validity of the formula is quite broad. 
This formula is applicable in the range of carbon content: 0.07–1.2%, temperature:  
700–1200°C, strain: ≈ 0.7 and strain rate: ≈100 s−1. 
3.3.3 Modified Voce’s equation 
In contrast to Misaka’s and Shida’s equations, Voce’s equation can describe the flow stress 
over the wide range of strains and strain rates. The equation can express the dynamic 
softening portion of the flow stress curve by using Avrami equation: 
 
 1 exp         mWH DRV p c
 (23) 
The coefficient, C, and work hardening exponent, m, are dependent on the deformation 
conditions. The parameters, C and m are normally taken as being a constant, however, it is a 
function of the deformation conditions (strain rate, temperature). Thus, the C and m are 
considered to be a function of dimensionless parameter, Z/A. 
Also Kim et al. developed an equation by modifying Voce’s constitutive equations 
accounting for the dynamic recrystallization as well as the dynamic softening. During 
thermomechnical processing, the important metallurgical phenomena are work hardening 
(WH), dynamic recovery (DRV) and dynamic recrystallization (DRX). Thus, the flow stress 
curve can be bisected with the WH + DRV region and the DRX region. For the evaluation of 
the WH and DRV region, Eq. 23 was used. Also For the region of DRX, the drop of flow 
stress was expressed as the following equation: 
  
1
p
p
DRX
Drop p ss
X X
X


         
 for  ε > εp (24) 
Therefore, the flow stress can be expressed in subtraction form as follows: 
 
   WH DRV Drop
 (25) 
where σss is the steady state stress achieved at larger strains and Xεp the volume fraction of 
DRX at peak strain. XDRX is the volume fraction of DRX at any strain.  
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Fig. 9 shows the measured and predicted flow stress curves in large strain range of AISI 
4140 steel when the three different types of constitutive equations are used for prediction. 
The flow stress curves calculated by using Misaka’s equation agree with the measured ones 
with some extent of error in comparison to the flow stress curve obtained from Shida’s 
equation. Although, the stress–strain curves predicted by using the modified Voce’s 
equation are in a good agreement with experimentally measured ones, it seems Misaka’s 
equation does not reflect recrystallization behavior properly (Kim et al., 2003).  
 
Fig. 9. Comparison of measured and predicted constitutive relations for AISI 4140 steel. 
3.4 Mathematical models 
3.4.1 Solhjoo’s model 
Solhjoo was considered linear estimation of θ-σ curve up to the peak stress as follows: 
 4 1
  

 S A  (26) 
where S4 is the slope of the line and A1 is a constant. Due to the first assumption which 
considers a linear segment up to the peak, this model would not be able to show the critical 
strain. Using the maximum point of the θ-σ curve (σ=σp,θ=0), value of constant A1 is 
obtained to be –S4σp. Solution of the differential Eq. (26) with respect to ε, using boundary 
condition σ=σp at ε=εpis: 
 
   41 exp         
   
p
p
p
S  (27) 
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where σp is the peak stress and εp is the peak strain. 
Determination of S4 can be simply done using a linear plot of ln
    
  
  
p p
p p
 vs. ε; S4 would 
be the slope of the line. As S4 is very sensitive to strain rate, it is better to plot ln
    
  
  
p p
p p
 
vs. ε for each sets of strain rates, and then the average value of the slopes determines S4. 
Assuming S4 as a constant shows a rough estimation of stress– strain curve. Since S4 is more 
sensitive to strain rate than temperature, this parameter can be considered as a power law in 
form of: 
 
.
4   
E
S C
 (28) 
where E  is strain rate and C and ε are constants. Using a plot of ln(-S4) vs. . , constants C 
and E can be determined. It should be considered that another limit of this model is its 
disability of prediction of flow stress at very low strains (less than 0.05) that the work 
hardening rate has very high values (Solhjoo, 2009). 
3.4.2 Avrami’s analysis 
The DRX may be considered as a solid-state transformation and its kinetics can be modeled 
by the Johnson–Mehl–Avrami–Kolmogorov (JMAK) equation as follows: 
  1 exp nDRXX kt    (29) 
where XDRX and t are the recrystallized volume fraction and DRX time, respectively. The 
effect of dynamic recovery (DRV) on flow softening was not considered. Therefore, this 
model is preliminary intended for materials with relatively low stacking fault energy. 
Moreover, for modeling the flow curves after the peak point of stress–strain curve, the 
initiation of DRX was intentionally considered at peak point. This assumption simplifies the 
Avrami analysis with acceptable level of accuracy. Therefore, Eq. (30) gives the magnitude 
of flow stress at each fractional softening: 
  p p ss DRXX       (30) 
3.4.3 Ebrahimi’s model 
This model is based on a phenomenological representation of the shape of the flow stress 
curves and the traditional theories for constitutive equations which incorporate the power 
law. Ebrahimi et al. considered the variations of the slope of flow stress curves as follows: 
  1 1      
   ss p
d
C
d
  (31) 
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Where εp is the strain at the peak stress and σss is the steady state stress. The term (1-ε/εp) 
estimates variation of the stress- strain curve for σ>σss. Solution of the differential Eq.(31) 
with respect to ε using boundary condition σ₌σp at ε₌εp results in: 
   21exp
2 2
            
      
p
ss p ss
p
C  (32) 
If ε₌εk and εk₌kεp where k<1 and σk>σss, then coefficient C1 can be estimated from Eq. (33) 
as: 
  1 2 2 ln2 1 p ssk sspC k k
 
 
       
   (33)  
Where σk is the stress calculated from Cingara equation. The equation represented by this 
model required the values of stress and strain at the peak and stress at the steady state zone. 
These parameters can be calculated by kinetic equations (Ebrahimi et al., 2006). 
Fig. 10 shows the calculated flow curves by Cingara, Avrami and Ebrahimi et al. equations. 
At low Z, the predictions of Ebrahimi et al. equation are relatively accurate (Fig. 10a), but at 
high Z, this equation overestimates the flow softening of DRX (Fig. 10c). In other words, this 
equation seems to be suitable for ideal DRX behavior. The Ebrahimi et al. equation is based 
on a phenomenological representation of the shape of the stress–strain curves and the 
traditional theories for constitutive equations which incorporate the power law. Conversely, 
the Avrami equation is amenable to all deformation conditions as shown in Fig. 10. In fact, 
this equation is an adaptive one with two adjustable constants. As a result, it could be better 
fitted to hot flow curves. Therefore, the Avrami equation can be used for prediction of flow 
curves as shown in Fig. 10 (Mirzadeh et al., 2010). 
3.4.4 Shafiei and Ebrahimi’s constitutive equation 
Using the extrapolation of DRV flow stress curves and kinetic equation for DRX, Shafiei and 
Ebrahimi proposed the following equation for modeling single peak DRX flow curves for 
c ss     
    'exp( ) ( )s s c c s ss DRXC X              (34) 
Where C’ is a constant with metallurgical sense. According to the geometrical relations 
shown in Fig.5, the value of C’ can be formulized as Eq.s (35) and (36) . σc, σp, σss, σs , εc , 
XDRX are critical stress, peak stress, steady state stress, saturation stress , critical strain and 
volume fraction of DRX, respectively. 
 
'
1
tan
C
    (35) 
 
2 ( )
p p
c c p
Arctg
    
      
 (36) 
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As shown in Fig.11, the stress-strain curves predicted by using presented model are in a 
good agreement with experimentally measured ones for Ti-IF steel. In order to evaluate the 
accuracy of the model, the mean error was calculated. The mean error of flow stress is 
calculated at strains of 0.19-2 for every measurement under all deformation conditions. For 
all stress-strain curves, the mean errors are between -2.9℅ and 2.5℅. The results indicate that 
the proposed model give a good estimate of the flow stress curves. Therefore, it can be 
deduced that the approach to obtain a constitutive equation applicable to large strain ranges 
was fruitful and this presented model might have a potential to be used where more precise 
calculation of stress decrement due to dynamic recrystallization is important. Moreover, this 
analysis has been done for the stress-strain curves under hot working condition for Ti-IF 
steel, but it is not dependent on the type of material and can be extended for any condition 
that a single peak dynamic recrystallization occurs. 
 
 
Fig. 10. Comparison between calculated and measured flow stress curves of 17-4 PH 
stainless steel. 
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Fig. 11. Comparison of measured and predicted stress-strain curves of Ti-IF steel. 
4. Summary 
In this chapter, a review on recent model of single peak flow stress curves was presented. At 
first, the basic concepts on hot deformation and dynamic restoration, including affecting 
factors on dominated processes such as DRX and DRV and related microstructure 
evolutions were discussed. Then, an introduction on experimental models which are more 
capable in the field of industrials investigations such as Misaka, Shida and Voce constitutive 
equations followed by the details of mathematical models such as MC Queen, Ebrahimi, 
Solhjoo, Avrami and Shafiei- Ebrahimi constitutive equations were presented. In this case, 
the accuracy of these models as well as some limitations was evaluated in order to obtain 
the optimum working conditions. 
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